Supersolids are theoretically predicted quantum states that break the continuous rotational and translational symmetries of liquids while preserving superfluid transport properties. Over the last decade, much progress has been made in understanding and characterizing supersolid phases through numerical simulations for specific interaction potentials. The formulation of an analytically tractable framework for generic interactions still poses theoretical challenges. By going beyond the usually considered quadratic truncations, we derive a systematic higher-order generalization of the GrossPitaevskii mean-field model in conceptual similarity with the Swift-Hohenberg theory of pattern formation. We demonstrate the tractability of this broadly applicable approach by determining the ground state phase diagram and the dispersion relations for the supersolid lattice vibrations in terms of the potential parameters. Our analytical predictions agree well with numerical results from direct hydrodynamic simulations and earlier quantum Monte-Carlo studies. The underlying framework is universal and can be extended to anisotropic pair potentials with complex Fourier-space structure.
Supersolids are superfluids in which the local density spontaneously arranges in a state of crystalline order. The existence of supersolid quantum states was proposed in the late 1960s by Andreev, Lifshitz and Chester [1, 2] but the realization in the lab has proven extremely difficult [3] . Recent experimental breakthroughs in the control of ultracold quantum gases [4] [5] [6] [7] suggest that it may indeed be possible to design quantum matter that combines dissipationless flow with the intrinsic stiffness of solids. Important theoretical insights into the expected properties of supersolids and experimental candidate systems have come from numerical mean-field calculations and quantum Monte-Carlo (qMC) simulations for specific particle interaction potentials [8] [9] [10] [11] . What is still lacking, however, is a general analytically tractable framework that allows the simultaneous characterization of whole classes of potentials as well as the direct computation of ground state phase diagrams and dispersion relations for supersolid lattice vibrations in terms of the relevant potential parameters.
To help overcome such conceptual and practical limitations, we introduce here a generalization of the classical Gross-Pitaveskii (GP) mean-field model [12, 13] by drawing guidance from the Swift-Hohenberg theory [14] , which uses fourth-order partial differential equations (PDEs) to describe pattern formation in RayleighBénard convection. Our approach is motivated by the recent successful application of higher-than-second-order PDE models to describe classical solidification phenomena [15] [16] [17] , symmetry breaking phenomena in ionic liquids [18, 19] , elastic surface crystals [20] , and active fluids [21] [22] [23] . Whereas higher PDEs are often postulated as effective phenomenological descriptions of systems with crystalline or quasi-crystalline order [24] , it turns out that such equations can be derived directly within the established GP framework. The resulting mean-field theory yields analytical predictions that agree with direct hydrodynamic and recent qMC simulations [11, 25] and specify the experimental conditions for realizing supersolids and coexistence phases.
As in the classical GP theory [12, 13] , we assume that a system of spinless particles can be described by a complex scalar field Ψ(t, x) and that quantum fluctuations about the mean density n(t, x) = |Ψ| 2 are negligible. Considering an isotropic pairwise interaction potential u(|x − x |), the total potential energy density is given by a spatial convolution integral which can be expressed as a sum over Fourier mode contributions ∝nû intn , where overhats denote Fourier transforms (SM [26] ). If u is isotropic with finite moments, then its Fourier expansion can be written asû(k) = ∞ j=0 g 2j k 2j [27] , where k = |k| is the modulus of the wave vector, yielding the potential energy density
j n with ∇ 2 denoting the spatial Laplacian. The constant Fourier coefficients g 2j encode the spatial structure of the potential. Variation of the total energy functional with respect to Ψ, yields the generalized GP equation (SM [26] )
(1) The classical GP model, corresponding to repulsive point interactions u = g 0 δ(x − x ) is recovered for g 0 > 0 and g 2j = 0 otherwise. The authors of Ref. [28] studied the case g 0 , g 2 > 0 and g 2j≥4 = 0, keeping partial information about long-range (k → 0) hydrodynamic interactions by effectively adding a surface energy term ∝ |∇n| 2 to the energy density. However, as we shall see shortly, to describe supersolid states, the long-wavelength expansion has to be carried out at least to order k 4 . To show this explicitly, it is convenient to express the complex dynamics (1) in real Madelung form [29] . Writing Ψ = √ n exp(iS) and defining the irrotational velocity The first-order transition between U-phase and SS-phase supports a narrow coexistence region (dark brown) with the uniform subphase having a lower density (x). In the normal solid (NS) phase, the one-mode minimization of U yields locally negative density solutions, signaling failure of the approximation (see also dynamic equations (SM [26] )
with the effective potential energy
(4) The first term is the kinetic quantum potential [29] and the kinetic energy is K = (m/2) dx nv 2 . For non-leaky boundary conditions, Eqs. (2) and (3) conserve the total particle number N = dx n and energy
have zero flow, v ≡ 0, and hence the corresponding density fields must minimize U [n]. Assuming short range repulsion g 0 > 0, we see that uniform constant-density solutions minimize U [n] when g 2 ≥ 0 and g 4 = 0 (SM [26] ); this case was studied in Ref. [28] . If, however, we consider the more general class of pair interaction potentials with g 2 ≷ 0 then short-wavelength stability at order k 4 requires that g 4 > 0. This situation arises, for example, for the two-dimensional (2D) Rydberg-dressed Bose-Einstein condensate (BEC) studied in Ref. [25] , which has g 0 = 0.189 2 /m, g 2 = −0.113 ( 2 /m) µm 2 and g 4 = 0.016 ( 2 /m) µm 4 (SM [26] ). Whereas for g 2 > 0 roton-minima are absent as in the classical GP theory [8] , supersolid ground state solutions [8, 9] of Eq. (4) can exist when g 2 < 0, as we will see shortly.
To determine the ground state phase diagram of U [n] with g 2 < 0, it is convenient to define the characteristic wave number q 0 = −g 2 /(2g 4 ) > 0, time scale t 0 = m/( q 
where ρ = mn(g 4 q 2 0 / 2 ) is the rescaled number density and
the interaction parameter (SM [26] ). On an infinite domain, the internal energy U [ρ] is completely parametrized by α u and the average densityρ = ρ dx/ dx. For the Rydberg-dressed BEC in Ref. [25] , which has q 0 = 1.87 µm −1 corresponding to a hexagonal lattice spacing of 3.88 µm, one finds α u = −0.043 andρ ≈ 9.4 (SM [26] ).
An advantageous aspect of the above framework is that the ground state structure of U [ρ] in the (α u ,ρ)-phase plane can be explored both analytically and numerically in a fairly straightforward manner (Fig. 1) . Standard linear stability analysis (SM [26] ) for uniform constantdensity solutions predicts a symmetry breaking transition at α u = −1 whenρ ≤ 1/8 and
indicated by the thin dashed line in Fig. 1(a) . Refined analytical estimates for the ground state phases can be obtained by considering the Fourier ansatz ρ = j φ j exp (iq j · x). The pattern forming operator (1 + ∇ 2 ) 2 penalizes modes with |q j | = 1, suggesting that single-wavelength expansions can yield useful approximations for the ground state solutions. Conceptually similar studies for classical phase field models [17] imply that 2D and 1D close-packing structures realizing hexagonal and stripe patterns are promising candidates. The one-mode approximation ansatz for a hexagonal lattice reads
where the lattice vectors q j form the "first star" with q i · q j = q 2 , if i = j and −q 2 /2 otherwise (c.c. denotes complex conjugate terms). Similarly, the stripe phase is defined by ρ =ρ + [φ 0 exp (iqx 1 ) + c.c.]. These trial functions have to be minimized with respect to the amplitudes φ 0 and the magnitudes q of the reciprocal lattice vectors, which can be done analytically (SM [26] ). Our analytical calculations predict four distinct pure ground state phases that can be identified as uniform (U), supersolid (SS), normal solid (NS) and droplet (D), and also a narrow U/SS coexistence phase via Maxwell construction [dark brown domain in Fig. 1(a) ]. The uniform phase has constant density ρ =ρ. The supersolid phase is distinguished through the existence of non-zero amplitude solutions φ 0 that yield strictly positive periodic density patterns ρ > 0. By contrast, in the normal solid phase, the one-mode density field can become locally negative, signaling a breakdown of the one-mode approximation. In the droplet phase, no real-valued density solutions exist within the one-mode approximation.
To test the analytical predictions and explore the validity of the underlying one-mode approximation in more detail, we performed a numerical ground state search (SM [26] ) for various parameter pairs (ρ, α c ). Representative examples of numerically found states are shown in Figs. 1(b) and 2 and generally agree well the analytical predictions. The hexagonal supersolid atρ = 1.5, α u = −0.2 [ * in Fig. 1(b) ] is indeed dominated by a single mode, with the second highest mode being ∼ 20 times smaller. Our analytical one-mode estimates suggest that the supersolid stripe states have a higher energy than hexagonal states, with the energy difference going to zero as one approaches the U-SS phase boundary [solid line in Fig. 1(a) ]. This opens the possibility that systems at nonzero kinetic energy or in a strained geometry might arrange in a stripe configuration similar to the metastable state shown atρ = 0.5, α u = −0.45 [ in Fig. 1(b) ]. The numerical solution for α u = −0.2178,ρ = 1.0 [x in Fig. 1(b) ] confirms the analytically predicted coexistence of uniform and supersolid phases, suggesting that the one-mode approximation places the coexistence re- gion accurately in the phase diagram. For coexistence to be observable in experiments, the energy of the uniform and supersolid bulk regions has to be significantly larger than that of the interface, which requires a sufficiently large system size.
Our simulations show that the one-mode approximation describes the ground state structure accurately down to average densitiesρ 0.4 near the uniform-supersolid phase transition line. Ifρ and/or α u are reduced further, higher modes will no longer be negligible. The difference between a supersolid one-mode ground state and a normal solid multi-mode solution at the same average densityρ = 0.4 is shown in Fig. 2 . The density profile for the normal solid resembles a collection of Gaussian peaks, which typically have a significantly larger separation than the peaks of a one-mode solution at similarρ. Finally, the domain α u < −1 corresponds to a negative GP parameter g 0 < 0, thus representing attractive contact interactions. The numerically determined ground state atρ = 0.1, Fig. 1(b) ] realizes a single droplet with an approximately Gaussian density profile, qualitatively similar to recent experimental observations of quantum droplet formation in dilute 39 K BECs [30] . From a broader theoretical perspective, it is satisfying that the analytically predicted phase diagram in Fig. 1 recovers many key features of recent qMC simulations for soft-core bosons, cf. Fig. 2 in Ref. [11] .
Having focused on the static ground state structure thus far, we still describe how the above framework can be used to obtain predictions for the sound wave dynamics in a supersolid (see SM [26] for details of calculations).
The supersolid phase breaks the continuous translational symmetry and will support lattice vibrations. These vibrations can be studied analytically close to the uniformsupersolid phase transition line, where the one-mode approximation for the density ρ is accurate. Near the phase transition the local deviation of ρ from its mean valueρ is relatively small, and one can Taylor-expand the nonlinear quantum potential in ρ aroundρ. Adopting this approximation, we now consider a change of coordinates x → x − u(t, x), where u is a displacement field in the Eulerian frame x. Since we are interested in hydrodynamic long-wavelength sound excitations, we may assume that the displacement field varies over a length scale significantly larger than the spacing between the hexagonal density peaks |∇u| 1. Inserting the one-mode ansatz (8) into Eq. (5), and keeping only the leading terms in u, one obtains an energy functional U [u] that is quadratic in the displacement field (SM [26] ). The approximative dynamics of u is found from Eqs. (2) and (3) by noting [31] that, for small displacements, ∂ t u = v and ∂ t v = −∇δU/δρ = −(1/ρ)δU/δu hold. This gives the linear equation
which is solved by a plane wave
Since the field v ∝ ∇S describes an irrotational potential flow with ∇×v = 0, only longitudinal modes are allowed.
Inserting the plane wave ansatz in Eq. (9) yields the non-
which is shown as a blue line in Fig. 3(a) . For supersolids described by the one-mode approximation, one has q ≈ 1 and φ 0 /ρ < 1/3 implying k/k || 1. This suggests that vibrations with wavelengths larger than the lattice constant generally exhibit a linear dispersion, and that the speed of sound is simply given by c = ω /k [dashed orange curve in Fig. 3(a) ].
The analytical prediction derived from the linear Eq. (9) agrees well with the numerical dispersion results obtained by simulating the full nonlinear Eqs. (1) with the open-source spectral code Dedalus [32] , see inset of Fig. 3(a) . In our simulations, we analyzed a longitudinal mode in a periodic box, for four different box sizes in the direction of the wave, usingρ = 1.0 and α u = −0.24 (SM [26] ). For these parameters, one finds φ 0 = 0.266 and q = 0.934 by minimizing the energy U of the supersolid state with the one-mode approximation. Representative simulation snapshots showing the magnitude of the velocity field and the density can be seen in Fig. 3(b) . The low-k mode is visible as an enveloping modulation of the velocity field. The sound speed was measured in the simulations by estimating w and k from a linear fit, yielding c = 0.6994 ± 0.0015, in excellent agreement with the theoretically predicted value ω /k = 0.6995. Thus, although waves can scatter from inhomogeneities of the density field in the fully nonlinear system, the longwavelength dynamics is accurately captured by the linearized theory.
To conclude, we introduced and studied a higher-order generalization of the classical GP mean-field theory that accounts for the structure of pair interactions through the relevant Fourier coefficients of the underlying potential. The resulting hydrodynamic equations share many conceptual similarities with classical Swift-Hohenberg-type pattern formation models [14] , for which a wide range of advanced mathematical analysis tools has been developed over the past decades [17, 33, 34] . The generalized GP equation (1) allows to transfer these techniques directly to quantum systems. By studying explicitly the fourth-order case, we demonstrated how one can obtain analytic predictions for ground state phase diagrams and low-energy excitations that agree well with direct numerical simulations. With regard to experiments, our results suggest that the coexistence phase at the firstorder superfluid-supersolid transition may be the most promising regime for observing supersolids. When the interaction parameter α u in Eq. (6) becomes too small, a transition to a normal solid state is expected as quantum fluctuations will likely destroy phase coherence in the low-density domains. However, grain boundaries of polycrystalline normal solid could still show superfluid behavior [35, 36] and can be studied using the theory presented here. Interestingly, our numerical ground state analysis suggests that at low average densities a quantum droplet can be stabilized by the kinetic quantum potential without requiring higher-order nonlinearities to correct for quantum fluctuations [30, 37] . From a conceptual perspective, the generalized GP framework appears well suited for future extensions: Quantum states of quasi-crystalline order can be studied by going beyond fourth-order [38] . The theory can be refined by including Lee-Huang-Yang [39, 40] corrections ∝ ρ 5/2 that penalize peaked densities. Generalizations to anisotropic potentials and multi-component systems seem both feasible and experimentally relevant [4, 30] . We thus hope the above discussion can provide useful guidance for future efforts in these and other directions.
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